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Abstract-The dynamic response to an input pulse, of fixed beds packed with glass ballotini, has been 
measured over the range of particle Reynolds numbers from l-300. The thermal conductivity of the particles, 
the particle to fluid heat transfer coefficient, and the coefficient of axial thermal dispersion have been found by 
Laplace transform analysis, Fourier transform analysis and by a numerical method, each applied to a 
minimum variance search. The three methods of estimation are described and compared. Agreement is found 
to be good over the entire range of Reynolds numbers although the sensitivity of the experiments to axial 
dispersion was greatest at low Reynolds numbers, while the sensitivity to fluid heat transfer coefficient and 

intra-particle conductivity was greatest at high Reynolds numbers. 

INTRODUCTION 

UNTIL fairly recently it has been assumed that 
experiments for heat transfer into fixed beds may be 
interpreted in terms of the interaction between 

convection and heat transfer between the fluid and the 
surfaces of the particles. If the particles are metallic it is 
usually permissible to neglect the effect of intra-particle 

thermalconductivityon theexperimentalresponse, but 
even for beds of non-metallic particles it is usual to 
neglect the effects ofintra-particle thermal conductivity 

and of axial thermal dispersion. None of the published 
work in heat transfer to 1965 [l] has included the effects 
of thermal dispersion and intra-particle thermal 
conductivity in the analysis of experiments, but 
subsequently there has been some consideration of the 
effect of these two properties on thermal response at 
both low and high Reynolds numbers C2-43. To 
suppose that no heat is transferred by conduction in 
particles and dispersion in fluid in the axial direction 
leads to some error at high Reynolds numbers, but at 
low Reynolds numbers very large errors may arise 
when dispersion is neglected. 

The principal experimental method has been 
frequency response in which the attenuation and phase 
change of a steady sinusoidal pulse of heat has been 
examined for different bed lengths. The generation of an 
accurate sinusoid, while not essential, greatly simplifies 
the treatment ofthe experimental results. Such a form of 
input signal is difficult to arrange, while the generation 
of a single sharp heat pulse is easier, although the 
treatment of the experimental results is more complex. 

In this paper we report the response of fixed beds to 
single pulses of heat and compare the results with 
experimental frequency response. The range of 
Reynolds numbers was from 1 to 300. The experimental 
responses were analysed by three different methods. 

f Author to whom correspondence should be addressed. 

The first two methods were based upon the analytical 

properties of the experimental Laplace and Fourier 
transforms, while the third method was based upon a 
comparison of the experimental responses and 
numerical solutions to the partial differential equations 
describing the effects of convection and dispersion 
within the bed. A preliminary account of some aspects 
ofthe transform analysis ofthe experimental results has 
been presented [S]. 

EXPERIMENTAL METHODS 

Figure 1 shows a line diagram of the experimental 
arrangement. Air was metered by a bank of rotameters 
before passing through a flanged section at the base 
of the bed. The air then passed over a tungsten wire 
0.025 mm in diameter that was wound over a rec- 
tangular Tufnol frame so that a rectangular space of 
30 x 10 mm was spanned by the wire; the resistance 
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FIG. 1. The experimental arrangement: A, flowmeters; B, E, 
temperature sensors ; C, grid heater; D, test column. 
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NOMENCLATURE 

specific heat of fluid at constant pressure 
[J kg-’ K-‘1 
specific heat of solid at constant pressure 
[J kg-’ K-l] 

bed porosity 
Laplace transform of the rate of 
conduction of heat into a particle for a 

step change of unity [J] 
particle to fluid heat transfer coefficient 

[Wm 1 -2 K-1 

axial coefficient of thermal dispersion 

[W m-l K-l] 
inward directed normal 
number of particles per unit volume of 

solid 
number of axial nodes 
number of particle nodes 
rate of heat conduction into unit volume 
of solid [W m- “1 
radial coordinate [m] 

s Laplace transform parameter [s-i] 
t time [s] 
T fluid temperature in bed [K] 

Tp fluid temperature in particle [K] 

TR reference temperature [K] 

T, particle surface temperature [K] 
T Laplace-transformed temperature [K s] 
T Fourier-transformed temperature [K s] 

V interstitial velocity [m s- ‘1 

W Fourier transform parameter [s- ‘1. 

Greek symbols 
t( defined by equation (20) 

Y defined by equation (21) 
0 defined by equation (19) 
1 thermal conductivity of solid 

CWm 1 -1 K-1 

P mass density of fluid [kg me31 

PS mass density of solid [kg mm 3]. 1 
of the wire was 9 a. Air was directed by means of a 
wooden conduit over the wire and then through a 
section of pipe 150 mm long and 88 mm in diameter 
packed with glass ballotini to a grid heater that 
spanned the cross-section of the inlet to the packed bed. 

The grid heater consisted of 200 strands of 0.025 mm 
diameter nickel wire, each 50 mm long, attached to two 
conducting supports, one of which was attached to a 
taut spring to allow for expansion of the wires on 
heating. The voltage supplied to the heater was 
constant but controlled by a timing circuit. In 

operation 2.8 V was applied across the heater for about 
30 s. The period was controlled to give an output pulse 
that was sharp and of good amplitude. The packed bed 
was placed directly above the grid heater. 

On leaving the bed the gas passed through a slit that 
was spanned by a tungsten wire 0.025 mm in diameter 
wound to a resistance of 9 Q to match the sensor that 
registered the input temperature of the air. The two 

sensors were placed in a Wheatstone bridge 
arrangement that was balanced by a standard 
resistance wound from manganin wire when no heat 
was applied to the grid heater. When heat applied from 
the grid heater reached the upper sensor, the resistance 
of this tungsten wire was increased, so creating an out- 
of-balance voltage in the bridge that was fed to a 
sensitive strip chart recorder that could read to a 
maximum full scale sensitivity of 50 pV. 

The packed bed and immediate ancillaries were 
insulated because the materials of construction of walls 
and flanges were Tufnol, Perspex and wood, all 
materials oflow thermal conductivity, so that the radial 
heat flux was always very small compared to the axial 
heat flux. The bed was coupled by quick release 
wrenches to the input heater and the output detector so 
that the bed in position could be easily replaced. 

The change of temperature with time, or the form of a 
temperature transform in the bed may be determined in 
theory as the solution to a partial or ordinary 
differential equation. The parameters of the differential 
equations were found by comparing the theoretical and 
experimental temperature distributions or transforms. 
To determine an accurate temperature distribution 
from the experiment it was necessary to correct for the 
end effects of the bed, in particular, effects due to the 
inlet section, mixing cone and output detector. 

The correction was incorporated in the experimental 

results by using two lengths of bed, each chosen to give a 
response that could be measured accurately. A bed 
30 mm in length containing the particles to be tested 
was secured between the heater and output sections, 
and when operating conditions had been stabilized, a 
voltage was applied to the heater for a predetermined 
period and the response was recorded. The bed was 
then replaced by a section of bed 60 mm in length 
containing similar particles, and when operating 
conditions were steady, a pulse of heat was applied for 
exactly the same period. This pulse was also recorded. 
Thus the original rectangular pulse was arranged to 
provide two responses, the first of which was the 
thermal response of the input section, output detector 
and a bed 30 mm in length, while the second was the 
response of the end sections and a bed 60 mm in length. 
As the input pulse to each section was identical it is clear 
that the response of the larger section differs from the 
response of the shorter section because of a length of 
bed equal in length to the difference between the two 
sections. Thus the first pulse may be regarded as the 
input, and the second may be regarded as the output 
response from a bed 30 mm in length, a procedure that 
corrects for the end sections, although two experiments 
are required for each result. 
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FIG. 2. Typical experimental response. 

It was intended to cover a range of Reynolds numbers 
from 1 to 300 in the experiments, but at low velocities 
within the bed the attenuation of the pulse was so severe 
that bed lengths shorter than those employed would 
have been necessary for an accurate capture ofthe pulse 
form. However, by changing the size of particles so that 
small particles were used for small Reynolds numbers, a 
good accuracy was maintained. Experiments at the 
highest Reynolds numbers were carried out with 6 mm 
diameter lead glass ballotini, at the lowest with 1.15 mm 

lead glass ballotini and with 3 mm glass ballotini at 
intermediate Reynolds numbers. 

In a typical experiment the desired flow rate ofair was 

set to a fixed bed 30 mm in length and the power supply 
to the heater was switched on for a period controlled by 
an electric timer. The output pulse was recorded until 
the output of the detector bridge had returned to the 

base level, typically about 1 h. The 30 mm bed was then 
replaced by a 60 mm bed and the response was again 
measured. The response to an identical heating pulse is 
shown in Fig. 2. 

The two pulses were digitized at 30 points over the 
range by means of a Benson-Lehner film analyzer, a 
device that produced the data for each pulse as a set of 
punched cards. In this form the pulses could be 
conveniently analyzed. 

THEORY 

When the temperature of a fluid passing through a 
fixed bed is changed, the heat flux at a plane z, K,(aT/&) 
- pcV T if a function of time, will cause a change in the 
fluid temperature with time aT/at. 

A heat flow into each particle qc that varies with time, 
is a consequence of the change in fluid temperature, and 
the partial differential equation that links the separate 
quantities is [6] 

2 (1-e) l&g -pcv; -qc- 
e 

-PC; =o. (1) 

The rate of conduction q, is given by the field equations 
that describe temperature distributions within the 
particle. Thus if the particles are spherical, the partial 

differential equation describing a transient field is 

(2) 

with the coupling condition between equations (1) and 
(2) by continuity conditions at the surface of the 

particles, so that for spherical particles 

$qc = dh(T- T,) = ml212 (3) 

where n is the inward directed normal at the particle 
surface. 

An analytical solution to equations (1) and (2) either 

for a semi-infinite set of conditions 

T = T,(t) at z = 0 
(4a) 

T -+ T,, the ambient temperature at z + co 

or a finite set of conditions 

VcpT, = VpcT-K,:, t > 0, T, = f(t), 

W) 
aT 
%=O at z=L 

has not been found. However, if Laplace and Fourier 
transforms are taken of equations (1) and (2), a variety of 
analytical solutions in Laplace and Fourier transform 
space may be found for several particle shapes [6]. To 
obtain the shape of the output pulse numerical 
inversions are required, and because ofthe difficulties of 
this step, a ready check of the calculated output and 
experimental output pulses cannot be made easily. 

The response to the finite set of conditions (4b) may 

be found by numerical methods. Such a solution is 
demanding because the temperature fields have to be 
discretized in time t, the axial coordinate z and the 
particle radial coordinate, and in practice it is 
sometimes difficult to distinguish between a true feature 
of the thermal response and an aberration of the 
numerical method, so that some testing of the 
consistency of the numerical solution is necessary. 

In parameter estimation it is required to vary the 



2380 S. C. DHINGRA, D. J. GUNN and P. V. NARAYANAN 

parameters of the differential equations until agree- 
ment with experimental distributions is found. In 
applying methods of non-linear regression, analyses in 
the Laplace-transformed or Fourier-transformed 
domain have the considerable advantage that 

analytical solutions to the transformed equations (1) 
and (2) may be used to compare with experimental 
transforms, and for this teason the two types of 
transform analysis were carried out first [S]. However, 
a more direct comparison of experiment and theory 
may be obtained by numerical analysis. 

NUMERICAL ANALYSIS 

Equation (1) is a partial differential equation of 
mixed parabolic-hyperbolic type for which parabolic 
behaviour might be expected if KZ is dominant, while 
hyperbolic behaviour should be found when convec- 
tion dominates. At high velocities when convection 
dominates, changes in the temperature field due to 
convection are more rapid than dispersive changes and 
with some finite-difference schemes calculation of 
changes due to dispersion may be masked by finite 
diffusion errors in the convection terms [7]. 

Equation (2) is parabolic, and both the backward 
implicit and the CrankPNicolson method permit 
solutions of equation (2) that are without restrictions 
on stability in one, two or three dimensions. However, 
in two or three space dimensions the sets of linear 

equations are no longer tridiagonal in the matrix of 
coefficients, and therefore the solutions can require a 
great deal of computational time at finer mesh sizes. If 
two- or three-dimensional solutions of equation (2) are 
required, the ADI method in which the finite-difference 
equations are implicit in one direction only, and explicit 
in others, with the implicit direction changing each 
cycle of calculations, will still retain the tridiagonal 
form of the matrix of coefficients [7]; the solutions are 
locally second order in both space and time. 

At low velocities the dominant form of equation (1) 
will be parabolic and a backward implicit and a Crank- 
Nicolson method of solution will give solutions to the 
coupled equations (1) and (2) that are of unrestricted 
stability. However, the matrix of coefficients, although 
banded, requires a dense-matrix algorithm for solution. 
Although both methods are consistent, the time 
required for a solution in which further refinement of 

the space and time increments gave no significant 
change to the output pulse, and the complete time of 
solution, including parameter estimation, was very 
large indeed. 

One possibility of reducing computational require- 
ments was to employ the basic idea of ADI methods, 
but to alternate an implicit and explicit formulation 
between the bed and the particle temperature fields. 
The essence of an analysis of stability and convergence 
is the same as for two-dimensional concentration and 
temperature fields so that properties of stability and 
convergence should be similar to the fully implicit 
method. 

In a series of pilot calculations using typical 
parameter values it was found that satisfactory 
convergence could be obtained for this method for 
values of time and space increments that were similar to 
the fully implicit method. This numerical method could 
be employed with routines for parameter estimation for 

computing times that, although still long, were 
manageable. 

Equation (1) in explicit form, when a forward 
difference is used to represent the time derivative and 
central differences are used to represent the spatial 
derivatives, is equivalent to the following expression 
written for node i 

T,j+ 1 

+ T.j l- 
6hA.t(1 -e) 2K_At _ 

PC@Z)~ dp ce 

6hAt(l -e) T ,. 

dp ce “’ 

(5) 

The corresponding implicit form is 

-T-l,j+l 

2K,At 
p+ 
PC(W~ 

= 7;:+j+ 

6Mt(l -e) T 

dp ce 
s.,+,. (6) 

Equation (2) is placed in explicit form by expressing the 
time derivative as a forward difference, and the spatial 
derivatives as central differences 

LAt 
T = -___ w.r., + L 

P,@AK 

(7) 

The corresponding implicit formulation of equation (2) 
is 

IAt 3.At 
-Tpi,r-,,j+, 

ZW 
-~ 

P&AR > 

iAt iAt 
-G,r+,,i+, 

psc,o2+ P,GRAR > 

= TPi,kJ (8) 

To this set of equations is added the initial condition 
of ambient (zero) temperature at the start of each 
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experiment together with the boundary conditions 

VpcT, = VpcT-K,; 

at z=O,t>O,T,=f(t) (9) 

i?T 
-=0 at z==L 
aZ 

aT 

aR=O at R=” 

(10) 

(11) 

as well as equation (3). 
This set ofequations was solved in the order, explicit 

bed (5) implicit particle (8), explicit particle (7), and 
implicit bed (6), a sequence that covered two time 
intervals. The computation was advanced in time using 
the input pulse T,(t) until both the input and the output 
pulse had returned to the ambient temperature 
condition. 

The time interval At and the space intervals AR and 
AZ were changed until the outlet pulse was apparently 
free from significant numerical inaccuracies and a 
reduction in At or AZ for example did not affect the 
numerical solution. The chosen value ofAz/L was l/21, 
and of ARjR, was l/6. 

The explicit equations (5) and (7) were solved by 
sequential substitution. The sets of implicit equations 
(6) and (8), when placed in matrix form, have a 
tridiagonal matrix of coefficients that may be solved by 
a sequence of forward substitution followed by back 

substitution, an algorithm that required storage and 
computational time directly proportional to the 
number of nodes, and not to the square as in the fully 

implicit method. The computational time for the entire 
sequence ofcalculations is thus proportional to the sum 
of the intra-particle and extra-particle nodes, a more 
economic arrangement than the fully implicit analysis 
where the sparse, banded nature of the matrix of 
coefficients presented heavier penalties. 

Once conditions of numerical integration had been 

established so that the numerical integration of 
equations (1) and (2) could be completed without 
significant numerical error, the parameters K,, i and h 
were found by non-linear regression. 

This was done by calculating the output pulse from 
the numerical solution by selecting temperatures at the 
same times as employed for digitizing the output pulse 
from the experimental record. The variance of 
experimental values about the corresponding theor- 
etical curve was calculated from the expression 

where T, is a convenient reference temperature. 
This equation was linked to a computer routine that 

was programmed to seek the minimum value of CT’ by 
changing the values ofh, 1 and K,. At the conclusion ofa 
sufficient number of trials, or when the value of CT’ had 
been made sufficiently small, the values of the 
parameters associated with the smallest value of a2 

were the best values provided by that particular 

experiment. 

TRANSFORM ANALYSIS 

If the Laplace transforms of equations (1) and (2) of 
the boundary conditions are taken, the transform ofthe 

output temperature pulse may be expressed [6] 

X (IV(e) c+pc)))] (13) 

where G is the Laplace transform of the rate of 
conduction into the particle when the initial condition 
is one of constant temperature and the surface is raised 
to unit temperature at t = 0. For the spherical particle 

G is given by [6] 

G - h2 

xh 
rb~,c,l4 coth (r&p,c,l4) - 1 

rh/l- 1 + rJ(sp,c,/l) coth (r,/(sp,c,/l)) 1 
(14) 

To determine the parameters K,, h and 1 the Laplace 
transforms T and To were calculated numerically from 
the experimental responses 

s 

a 
T = ems’ T dt. (15) 

0 

The values of F and T, were calculated for several 
different values of s. The variance of the experimental 
transforms about the corresponding theoretical values 
calculated from equations (13) and (14) was then 
calculated from 

This equation was linked to a computer routine in the 
same manner as that employed for finding the best 
parameters by numerical analysis of equations (1) and 
(2) and the experimental responses. 

A similar procedure was employed to analyze the 
dynamic response in the Fourier transform domain. 

The Fourier transform is defined as 

s m 

T= emi’“’ T(t) dt. (17) 
-a 

In terms of the transform the solution is [6] 

P = To exp (((2 -o,>-iO)z> (18) 

where 
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‘Wq + WC) 
’ = V2p2c2 +4pK, 

where p and q represent the real and imaginary parts of 
the particle response [6]. 

Equation (16) and the parameter estimation 
procedure used for both the time and Laplace domain 
analyses were employed to find the best estimation of 
the three parameters K,, h and 1. Several different 
values of w were chosen and the parameters were varied 
until the experimental and theoretical dependences 
agreed. 

Thus, from each experiment, three sets of parameters, 
K,, h and I were found by parameter estimation in the 
time domain, in the Laplace transform domain and in 
the Fourier domain. 

DISCUSSION 

Each of the methods of analysis can be relied upon 
only if the conditions of numerical analysis have been 
carefully chosen. Thus the space and time increments 
used in numerical solution of the partial differential 
equations were changed until reduction of each 
increment was found not to affect the calculated 
dynamic response. 

The tailing of the pulse was faithfully reflected in the 
direct calculations based upon the partial differential 
equations. Figure 3 is a comparison of a typical 
experimental output pulse compared with the 
numerical solution when the parameters had been 
found by minimum variance search based upon the 
numerical solutions. The main features of the pulse are 
reproduced by the numerical analysis, although minor 
differences are apparent in one or two regions. 

The range of values of w in the Fourier transform 
analysis was chosen to lie below a limit that was found 
by numerical experiments. For large values of w the 

effect of experimental error in the pulse response is to 
give general random fluctuations both in the 
attenuation ratio and in the phase lag [S]. This effect is 
so severe in the phase lag that it was found necessary to 
base the variance [16] upon the attenuation ratio only 
in the Fourier transform analysis. On the other hand, if 
the range of w chosen from w = 0 was too small par- 
ameter interaction was so strong that good estimates of 
the separate parameters could not be found. 

All three methods of parameter estimation gave 
acceptable values of the heat transfer parameters over 
the entire range of Reynolds numbers once the correct 
settings had been found for each method, i.e. intervals of 
integration for the numerical method, range of w for the 
Fourier transform, and range of s for the Laplace 
transform. From the initial investigation it was clear 

that the,reliability of each method was acceptable only 
if the correct settings had been used, and very little 
reliance could be placed upon parameters found from 
the numerical solution of the partial differential 
equation when intervals of axial length and time were 
too large, or from frequency response when the upper 
value of w was too high. However, once acceptable 

The range ofvalues ofs in the Laplace transforms was 
also found by numerical experimentation upon the 
experimental responses. For large values of s the 
transform is so attenuated by the factor e-“’ that the 
experimental integrals are sensitive only to the early 
parts of the experimental response, where the 
magnitude of the signal is small, while for small values 
of s the experimental integrals become unduly sensitive 
to the tails of the experimental responses, where the 
experimental inaccuracies are large. 

Irrespective of the method of analysis the thermal 
response of the bed at low Reynolds numbers is 
dominated by axial dispersion, and is relatively 
insensitive to the heat transfer coefficient and the intra- 
particle thermal conductivity, while at high Reynolds 
numbers the response to axial dispersion is much less 
sensitive. These findings from earlier investigations 
were confirmed by parameter estimates from each of 
the three methods. Time (min) 

The typical input and output pulses shown in Fig. 2 
contain an extensive region at long times for which the 

FIG. 3. Comparison of typical experimental output pulse 
shown as points with pulse calculated by numerical analysis 

temperature is small with respect to the peak of the shown as a continuous line. 

pulse. As the experiment was scaled in accuracy to 
the peak of the pulse, the accuracy of the later stages of 
the response was not high. In the earlier stages of the 

experimental work the input detector shown in Fig. 1 
was not employed, and it was added at a later stage to 
improve the steadiness of the base line and to reduce 
base-line drift. With the input and output detectors in a 
bridge arrangement there was no significant base-line 
drift, but because of the rapid attenuation of the pulse 
even for extremely short bed lengths, it was not possible 

to produce experimental pulses that were sharply 
peaked without tailing. 
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FIG. 4. Dependence of Peclet number upon Reynolds number. The solid line is the estimated average 
dependence. 

settings had been chosen there was a satisfactory 
agreement between parameters for each of the three 
methods. 

It is known from earlier work that the transport 
coefficients of a fixed bed may be changed on repacking 
the bed; thus Pryce [9] obtained a standard deviation 
of 15% of the mean coefficient of axial dispersion when 
repacking the bed between measurements, but the 
standard deviation was only 5% when repeating 
measurements without repacking. The experimental 
techniques used in this investigation, particularly 
because of the need to correct for end effects, effectively 
required repacking between each set of pulse 
measurements, so that there is a variability in the 
experimental results due to repacking. 

Figure 4 shows the dependence of the thermal Peclet 
number upon Reynolds number for the entire set of 
experimental results; the caption to the figure indicates 
the size of the glass ballotini used in the experiment, and 
the method of parameter estimation. At low Reynolds 
number the coefficient of dispersion tends to a constant 
value since dispersion is dominated by molecular 
contributions and the contribution of convection is 
small. In this region the thermal response is determined 
by dispersion. At higher Reynolds numbers the 
contribution of convection to dispersion is greater and 
the effect of heat transfer coefficient and intra-particle 
thermal conductivity upon the response is stronger. It is 
apparent in Fig. 4 that the envelope of estimates of the 
Peclet group is wider at high Reynolds number, 
reflecting the fact that the thermal response is less 
sensitive to axial dispersion at high Reynolds number 
and therefore the precision of the estimate is less at 
higher Reynolds number. There is no systematic 
difference in favour of one method or another at low 
Reynolds numbers, but at Reynolds numbers in the 
range of 6&140, both the numerical method, and the 

Laplace transform method gave estimates at the upper 

allowed bound ofthe range: estimates from the Fourier 

transform did not show this difficulty but a high 
variability is evident. Included in the data shown on 
Fig. 4 are the earlier estimates of Gunn and de Souza [2] 

that extended to low Reynolds number, and of Turner 
and Otten [3] who measured thermal response at high 
Reynolds number. The experimental estimates of the 

three sets of data are evidently consistent. 
The estimates of Gunn and de Souza were found 

from experimental equipment almost identical to that 
employed in this investigation, but by experimental 
frequency response instead of the present method of 
pulse response. The thermal response could be 
measured to Reynolds numbers as low as 0.06 by 
experimental frequency response, but it was not 
possible to estimate parameters from pulse response for 
Reynolds numbers less than 1. This difference is 
probably due to the more critical requirements for 
numerical accuracy of the pulse, where it is necessary to 
measure the full extent of the pulse; in experimental 
frequency response it is only necessary to measure the 
amplitude and phase lag of the peak of the wave. A 
similar finding has been drawn from comparisons of 
pulse and experimental frequency response for packed- 
fluidized beds [lo] where experimental frequency 
response was necessary to extend the study of thermal 
response to lower Reynolds number. 

The estimates of the particle Nusselt group found by 
the three methods are shown in Fig. 5. The diagram also 
includes the estimates of Nusselt number due to Gunn 
and de Souza and Turner and Otten, but only for 
Re > 1 since at low Reynolds number the thermal 
response is sensitive only to axial dispersion. The lack of 
sensitivity of the response to the Nusselt group at low 
Reynolds number is shown by the greater scatter, 
particularly due to the numerical method. The line on 
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FIG. 5. Dependence of Nusselt number upon Reynolds number. Caption as for Fig. 4. The line corresponds to 
equation (22). 

the figure is an equation for the Nusselt number as a 
function of porosity, Prandtl and Reynolds number in 
fixed and other beds of particles [ 1 l] 

Nu = 4( 1 +0.7Re0.’ Pr113) + 0.6Re0,’ Pr1/3. (22) 

This equation is in satisfactory accord with the data, 
particularly when it is borne in mind that the scatter is 
due in part to the methods of estimation. 

The neglect of thermal dispersion in the analysis of 
experiments has a very strong influence at low 
Reynolds numbers and it is important to bear this in 
mind when comparing the estimates shown in Fig. 5 
with other work. If thermal dispersion is neglected at 
low Reynolds numbers it may be shown that the 
Nusselt group will approach zero at a rate proportional 
to the square of the product of the Reynolds and 
Prandtl groups [2] ; a theoretical equation drawn from 
this analysis agrees with the estimates of the Nusselt 
group within the range of Reynolds number from 0.1 to 
1.0 drawn from experiments for which it has been 
assumed that the coefficient of thermal dispersion is 
zero. As Nusselt groups of the order of 10m3 have been 
reported for experiments in the range of Reynolds 
number from 0.1 to 1, it is evident that the differences 
can amount to 2 or 3 orders of magnitude in the Nusselt 
group. 

It may be observed that in addition to the 
phenomenon of low sensitivity at low Reynolds 
number, there is sufficient parameter interaction at 
intermediate Reynolds number that has the effect of 
introducing a scatter in the reported values of Nusselt 
and Peclet groups and the intra-particle thermal 
conductivity; this factor is partly responsible for the 
variation in experimental results shown in Figs. 4 and 5. 

The average values for the thermal conductivity of 
the glass ballotini were found to be 0.931, standard 
error 0.101 W m-i K-’ by the Laplace transform 

method,0.918,standarderror0.105 W mm1 K-i by the 

Fourier transform method, and 0.903, standard error 
0.05 W m-l K-’ by the numerical method. It was 
assumed in the parameter estimation that there was an 
a priori expectation of the value of each parameter and 
therefore according to Bayes theorem [12] the 
probability of a given result was the product of the 
likelihood of the observed result and the prior 

probability. It was assumed that the prior probability 
density was uniform between an upper and a lower 
limit, and in the main it was found that the estimates of 
Nusselt and Peclet groups were not affected by the wide 
values of the upper and lower limits. However, the 
sensitivity of the experiments to the thermal 
conductivity of the glass was not strong, and the 
standard errors of the thermal conductivity given 
above were affected by the fairly narrow upper and 
lower limits that had been estimated from published 
values, so that the standard errors reported give an 
optimistic estimate of the accuracy of the method. Most 
of the experiments that contributed to the average 
value were taken at Reynolds numbers less than 100. 
However, the pulse response should be most sensitive 
to the thermal conductivity of the solid at high 
Reynolds numbers when the effect of thermal 
dispersion is reduced, and when the relative magnitude 
of the external to internal thermal resistance has been 
reduced by an increase in the heat transfer coefficient. 
The most accurate values of the intra-particle thermal 
conductivity should be obtained at high Reynolds 
numbers. 

The performance of all three methods of estimation 
was comparable in the apparent accuracy of 
predictions. However, there was a very large difference 
in computing times for each method. In general the 
Fourier transform method took almost three times as 
long as the Laplace transform, but the numerical 
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solution of the partial differential equations was about 
100 times as slow as the Laplace transform. Thus the 
numerical method was demanding in requirement for 
computer storage and speed although the choice of 
satisfactory intervals of integration was more 
straightforward. It is apparent however that if accurate 
thermal responses have been recorded any one of the 
three methods of parameter estimation may be used 
with some confidence, with perhaps the Laplace 
transform method as the best all round and most 
economical choice. 
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ANALYSE DU TRANSFERT THERMIQUE DANS DES LITS FIXES DE PARTICULES A 
DES NOMBRES DE REYNOLDS BAS OU INTERMEDIAIRES 

RCnmC-On mesure la riponse dynamique de lits fixes de billes de verre g uneimpulsion de tempkrature, dans 
un domaine de nombre de Reynolds allant de 1 B 300. La conductiviti thermique des particules, le coefficient de 
transfert entre particule et fluide et le coefficient de dispersion axiale thermique sont obtenus par la 
transformation de Laplace, la transformation de Fourier et par une mtthode numkique, chacune appliquke B 

une recherche de variance maximale. Les trois methodes sont d&rites et comparbes. Un accord est bon dans 
tout le domaine de nombre de Reynolds bien que la sensibilitk A ladispersion axiale soit plus grande aux faibles 

nombres, tandis que la sensibilitk au coefficient de transfert thermique et g la conductivitk intraparticulaire soit 

plus grande aux nombres de Reynolds &levts. 

UNTERSUCHUNG DES WARMEUBERGANGS IN FESTBETTSCHUTTUNGEN BE1 
KLEINEN UND MITTLEREN REYNOLDS-ZAHLEN 

Zusammenfassung-Die Sprungantwort eines Festbettes aus kleinen Glaskugeln wurde fiir Reynolds-Zahlen 
im Bereich von l-300 gemessen. Die Wlrmeleitfihigkeit der Partikel, der Wlrmeiibergangskoeffizient 
zwischen Fluid und Partikeln und der Koeffizient fiir die axiale Wgrmeausbreitung wurden durch Laplace- 
sowie Fourier-Transformation und eine numerische Methode ermittelt. Die drei Methoden werden 
beschrieben und verglichen. Uber den gesamten Bereich der Reynolds-Zahlen ergab sich eine gute 
Ubereinstimmung, obgleich die Empfindlichkeit der Experimente fiir die axiale Wlrmeausbreitung bei 
kleinen Reynolds-Zahlen und diejenige fiir den W%rmeiibergangskoeffizienten sowie fiir die Wlrmeleitung 

zwischen den Partikeln bei hohen Reynolds-Zahlen am gr6Bten war. 

AHAJII43 TEnJIOfIEPEHOCA B HErlOflBMX(HbIX CJIOIlX YACTMlJ IIPM MAnblX I4 
IIPOMEXYTOY HbIX 3HAqEHMIIX YMCJIA PEfiHOnbACA 

Atn#o+aunn-PeaKluln ~HHaMW,eCKOfi CWCTeMbI “a 803MymeHHR. BbIJBaHHble HaI,O~cHl(eM BxO~HOrO 

uh4nynbca Ha Henom3kf~Hbre cnon CTeKnaHHbtx VacTNu, s3Mepnnacb B naanasoae 3HaqeHnfi wcen 

PeiiHOnbnCa ZUln VaCTAU 07 1 a0 300. TenJlOnpOBODHOC~b YaCTHu, KOY,+HuWeHT TennonepeHoca OT 

SaCTHII K XWlKOCTH U K03+&WieHT aKCWaJIbHOr0 pXC&lHLfX TCIUEi OIlpC~C~X~&%Cb C IlOMOlUblO IlpC- 

o6pa3oaami1 JIannaca u @ypbe, a Tax)Ke wcneHHbIM MeTonoM, npaqeM Kagnbrfi npuMeHancn nnx 

OTbICKaHWIl MHHHMaJIbHOfi L,HCnepCnrt. AaH OnWCaHAe W npOBencH0 CpaBHeHlte TpeX MeTOnOB OueHOK. 

HafineHo xopomee Coo-rneTcTaWe pe3ynbTaToB 80 aces nHana3oHe qacen PeBHonbnca. HecMorpn Ha 

~0. wo nps ~~3Kkix 3HaqeHnax wcen PefiHonbnca oceeoe paccenwe Tenna oKa3bmano 6onbmoe 

BnnaHWe Ha HsMepreMbre pe3ynbTaTbI. B TO ~pe~fi KaK npn 6onbuuix qHcnax Pefinonbnca 6onbmoe 

anwHWe oKa3bIBanki K03+&nuieH~ TennonepeHoca EkinK0c~ii A TennonposonHocTb Memny 9acwuawi. 


